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1. Introduction 
Let f :  X~ Y be a finite Galois covering of connected complete non-singular 
curves over an algebraically closed field k. We put G = Gal(X/Y) and consider a 
locally free G-sheaf ~- on X (i.e. G acts on ~ compatibly with its action on X). Then 
the cohomology group Hi(x, ~-) is a k[G]-module and we are concerned with the 
problem of determining its structure. When f is tamely ramified, the problem was 
settled by using Brauer characters and properties of projective k[G]-modules (see 
[7], [8] and their references). However, when f is wildly ramified, the problem 
becomes very difficult and, as far as the author knows, general results have been 
obtained only when G is a cyclic p-group (p = char k) and J=  £2X/k, the sheaf of 
differentials on X (Valentini-Madan [12]). 
In Section 2 of this paper, we assume that G is a cyclic group of order p (this is 
the simplest case in which wild ramification occurs), and prove Theorem 1 which 
determines the k[G]-module structure of H°(X, ~)  for invertible G-sheaves Lf on X 
satisfying deg ~> 2gx- 2 (gx is the genus of X). The proof of Theorem 1 proceeds 
along the same line as adopted in [12], though the sheaves in question are different. 
Applications of Theorem 1 are given in Sections 3 and 4. In Section 3 we give a 
characterization f tamely ramified Galois coverings through projectivity of k[G]- 
modules H°(X, ~) for certain invertible G-sheaves Lf (Theorem 2). From the view- 
point of studying the wildly ramified case, Theorem 2 states that the method of 
utilizing projective k [G]-modules, which was found effective in the tamely ramified 
case, is no longer applicable when wild ramification comes in. In Section 4 we treat 
the problem of lifting a curve X to the Witt vector ing W(k) together with its auto- 
morphism a of order p (p = char k). We prove Theorem 3 which states that such 
lifting does not exist when p = 5 and a has a fixed point. This result is a generaliza- 
tion of Lemma A. 1 of Sekiguchi-Oort [10] (see also [9, Lemma (2.2)]) which was 
used in showing that the canonical ifting of an ordinary Jacobian need not be a 
Jacobian. 
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2. Main result 
Let f :  X~ Y be the same as in Section 1. In this section we assume p= char k>0 
and G = GaI(X/Y) is a cyclic group of order p, and consider the action of G on 
cohomology groups of invertible G-sheaves on X. 
First we introduce notations. Let { PI, ..., Pr} C X be the set of all ramification 
points of f .  (When f is unramified, r=0 and {Pi} =0.) For each i= 1,...,r we 
define a positive integer Ni in the following way: Let 7~ i be a rational function on 
X with ordpi(rri)= 1 (ordp, means the order at Pi). Then N i is defined by 
N i + 1 = ordp i ( t r .  ~i - ~ i ) ,  
where a is a generator of G; G =(tr). It is easily verified that N/ is  well-defined. 
The genera gx and gr of X and Y are related by the Riemann-Hurwitz formula (see 
e.g. [5], [11, Chapter IV]); 
F 
2gx-2=p(2gr-2)+ ~, (p-  1)(Ni+ 1). (2.1) 
i=1 
Let V be the k[G]-module (G =<a[aP= 1)) with k-basis {el, ..., ep} and G-action 
defined by a 'e l=e l+et_ l  (l<_l<p, e0=0). The subspace Vj of V spanned by 
{el, ... ,ej} over k is also a k[G]-module (1 =j< "<=p," Vp= V). Then { Vl, ..., Vp} is the 
set of all (isomorphism classes of) indecomposable k[G]-modules as we can show 
easily using the theory of Jordan normal form of matrices. Hence every k[G]- 
module is isomorphic to a direct sum of V/s. We note that V= Vp is isomorphic to 
kIC], and that Vj = {o e V I (o -  1) J. v = 0} holds for all j = 1,..., p. 
For a divisor D on X, let 5~(D) denote the corresponding invertible sheaf on X 
(see e.g. [4, p. 294]). Since every invertible G-sheaf is G-isomorphic to 5°(D) for 
some G-invariant divisor D, we shall deal with sheaves of the form Lf(D). Hereafter 
we assume that D is a G-invariant divisor on X with deg D > 2g x -  2. In this case 
Hi(x ,  5e(D)) = 0 for i=> 1. Hence what we should study is the k[G]-module structure 
of H°(X,.~(D)), which is equivalent to determining the integers mj (1 <j<=p) in the 
decomposition 
p 
H°(X, ~(D))= @) mj. Vj (2.2) 
j= l  
as k[G]-modules. 
For each i = 1,..., r, let n i be the coefficient of Pi in D. (We note that D is of the 
form f*(Do) for some divisor D O of Y if and only if ni is divisible by p for all 
i = 1, ..., r.) Further, for a rational number a, we denote by (a) the fractional part 
of a, i.e. 0__<<a)< 1 and a-<a) is an integer. Then our result is the following 
Theorem 1. Let notations be as above. (Recall that we are assuming degD> 
2g x -  2.) Then we have 
1 
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and for j= 1, . . . ,p -  1, 
mJ=i~l I1Ni+ (n ip jN i )  - (n i - ( j -1 )N i )  
proof. We put M=H°(X, L~(D)) and, for each j=  1, ..., p, define a k[G]-submodule 
M(j) of M by 
M( j ) :  {m eMI (a- 1) j. m=O). 
(We have M( j )CM( j+ 1) and M(p)=M.) Then from (2.2) we get 
d imkM( j ) -  1. mt+j" _ mt 
1=1 l=j+ 1 
and hence 
P 
d imkM( j ) /M( j -  1)= ~ mt 
I=j 
Therefore we obtain 
(l<=j<_p, M(O)= {0}). 
mp = dim k M(p)/M(p - 1), 
(2.3) 
Lemma 1. There exists an element y ~ k(X) which satisfies a. y= y + 1 and 
ordpi(y)=-Ni (i= 1,...,r). (2.4) 
At the same time, we obtain the following property: 
N i & not div&ible by p = char k. (2.5) 
Proof. By the Artin-Schreier theory, there exists y ~ k(X) which satisfies o-. y =y + 1 
(y generates k(X) over k(Y)). Then u=yP-y  is an element of k(Y). Since Qi = 
f(Pi) is a ramification point of f :  X--. Y, ordo,(u ) must be negative (i= 1, ..., r). If 
ordQ,(u) is divisible by p, we replace y by y+ o, taking an element o e k(Y) which 
satisfies OrdQi(U+oP-o)>ordQi(u). (The existence of such o is assured by the 
Riemann-Roch theorem.) Repeating this procedure if necessary, we may assume 
that OrdQi(U ) is prime to p. Further, again by virtue of the Riemann-Roch 
theorem, we may assume that ordo,(u ) is prime to p for all i = 1,..., r. Then calcu- 
lating the number Ni from the equation yP -y  = u, we obtain ordp,(y)= ordQ,(u)= 
-Ni (el. [5]). Thus we have obtained (2.4) and (2.5). 
We have k(X)= (~)~'=Ik(Y)'Y t-l. For j= l , . . . ,p ,  we put k(Xb= 
mj=dimkM( j ) /M( j -  1) -d imkM( j+ 1)/M(j) for j=  1 , . . . ,p -  1. 
Let k(X) and k(Y) be the function fields of X and Y respectively. We regard k(Y) 
as contained in k(X). We choose y e k(X) as below: 
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(~= 1 k(Y). yt-I. From a.y=y + 1, it is easy to verify the following equivalence 
(x e k(X)): 
(a -1 )g .x=0 ¢* x~k(X)j. (2.6) 
We may regard M as a subspace of k(X) through the equality 
M = {x ~ k(X) I divx(x) >- -D},  
where divx(x) denotes the divisor of xek(X). Then (2.6) shows 
M(j)=Mfqk(X)j (1 <_j<_p). (2.7) 
We define a k-linear map ~pj :M(j)--,k(Y) in the following way: For xeM(j), we 
have 
J 
X : ~ Zl" y l -  1 (2.8) 
1=1 
for some ztek(Y) (see (2.7)). Then ~j is defined by q~j(x)=zj. Accordingly, (2.7) 
gives Ker ~j =M(j-1), and hence we have 
dimk M(j)/M(j-  1) = dimk Im ~j. (2.9) 
So we shall calculate dim k Im ¢j. First we explain some notations. For an element 
z~k(Y), we denote by divr(z) the divisor of z on Y. We can also regard z as an 
element of k(X), and in that case we have 
divx(z) =f*(divv(z)). (2.10) 
Since the divisor D is G-invariant, we can write D in the form D=f*(Do)+ 
~= 1 ni. Pi for some divisor Do on Y. (The support of f*(D o) contains none of Pi 
(i= 1, ...,r), and we have degD=pdegDo+ ~,r=l ni.) For each j=  1, . . . ,p ,  we put 
Ej= lz ek(Y)ldivy(z)>--Do-i~l [ ni-(J-~- l)Ni] " Qil , 
where Qi =f(Pi) and, for a rational number a, [a] means the greatest integer not 
exceeding a. Now we prove two lemmas. 
Lemma 2. Im Cj & contained in Ej. 
Proof. Let zj=~oj(x) be as in (2.8). We shall show zjeEj. By (2.10) and f*(Qi)= 
p" Pi, the assertion zj ~ Ej is equivalent to 
r 
divx(Zj)>--f*(Do) - ~, {ni-( j -  1)Ni}. Pi. 
i=1  
(2.11) 
We recall that divx(x ) =>-D holds since x eM. Then we first obtain 
divx(zj) >= -D, (2.12) 
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because, by (2.8), we have (a -  1) j -  1. x = c. zj for some non-zero element c of k. 
Next we consider ordpi(Zj). Let zt be as in (2.8). From z tek(Y)  and (2.4), we have 
ordp,(Zl.yt-1)---( l -1)Ni(modp). Hence, by (2.5), ordei(zl.y t-l) (l=</___j) are 
not congruent modulo p to one another. So that, in particular, they are all different. 
Therefore we have 
ordp, (x) = min { ordp~ (zl" y 1-1 ) [ 1 _< l____j } ___< ordp, (zj. yJ - 1 ). 
Accordingly, 
ordpi(zj) _> ordpi(x ) - ( j -  1)ord,oi(y)_> -h i+ (j - 1)Ni. 
This inequality and (2.12) give (2.11). Thus the proof of Lemma 2 is completed. 
Lemma 3. The following equality holds: 
dimlclz~=degD°-gy+l+ ~ [n i -~- l )N i ]  
Proof. We have 
deg(D°+ ~ [n i - ( j -1 )N i ] 'o i )  P 
as shown below (recall l<j<=p and (2.1)): 
. egOo+ . - . . -1 )  
=>degDo +1 ~ {ni-(P- 1)(Ni+ 1)} 
P i= l  
=lp Ideg D_  i=!~ (p-1)(N~+ 1) 1 
'I r 1 > - 2g x -  2 - ~ (p - 1)(Ni + 1) 
p i=1 
= 2g r -  2. 
Therefore the Riemann-Roch theorem for Y shows Lemma 3. 
Now, from (2.9) and Lemmas 2 and 3, we obtain inequalities 
for j = 1,..., p. We shall show that the equality holds in (2.13). 
(2.13) 
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First we prove 
Lemma 4. The following formula holds: 
~, ni- ( J -  1)N i
j= I  P 
=ni-½(p-  1)(Ni+ 1). 
Proof. We have 
ni-  ( j -  1)Ni 
j= l  P 
=ni-½( p -  1)N i -  ~., 
j= l  
Here we see from (2.5) that, for each l=0, . . . ,p -1 ,  there exists exactly one j 
(1< "< =j=p)  which satisfies ni ( j -1)Ni=l (modp). Hence 
P ( - (~- l )N i> P- l l  ~., ni = ~ -=½(p- I ) ,  
j=l t=oP 
and we have Lemma 4. 
We add (2.13) for j= l , . . . ,p .  Then we have, on the left side, 
2~= ~ dimkM(j)/M(j-1)=dimkM, while, by Lemma 3, the right side is 
r 
p{degDo-gy+ 1} + • {ni-½(P- 1)(Ni+ 1)}, 
i=1 
which equals degD-gx+ 1 by (2.1). On the other hand, we have dimkM= 
deg D-gx+ 1 as the Riemann-Roch theorem shows (recall deg D> 2g x -  2). This 
means that the equalities must hold in (2.13) for all j  = 1, ..., p. Therefore we obtain, 
from (2.3), 
mp=degDo-gg+ 1 + ~, n i - (p -  1)Ni 
i=1 P 
and for j = 1, ..., p -  1, 
- 
Now we easily obtain Theorem 1, by applying the formula [a] = a -  (a) to the equa- 
lities above. 
3. Characterization of tamely ramified Galois coverings 
Let f'X--* Y be the same as in Section 1. (In this section G=Gal(X/Y) is ar- 
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bitrary.) For a G-invariant divisor D on X, the cohomology groups Hi(x, ~(D)) 
(i~0) are k[G]-modules (Lf(D) is the invertible sheaf corresponding to D). In this 
section, we give necessary and sufficient conditions that f be tamely ramified in 
terms of the k[G]-module structure of Hi(x, L~(D)). We note that, when f is rami- 
fied, a G-invariant divisor on X is not necessarily of the form f*(Do) for a divisor 
o0on Y. 
Theorem 2. Let gx denote the genus of X. Then the following three conditions are 
equivalent. 
(1) f is tamely ramified. 
(2) For every G-invariant divisor D on X satisfying Hi(x,  ~(D)) = O, H°(X, L/(D)) 
is a projective k[G]-module. 
(3) There exists a divisor Do on Y which satisfies the conditions below: 
(a) degf*(Do)=lG I degDo>2gx-2,  
(b) H°(X, S(f*(D0)) is a projective k[G]-module. 
Proof. If char k=O, Theorem 2 is trivial. So we assume p=char  k>0.  Since we 
always have I-Ii(X,Z/'(D))=O for i_>_2, the implication (1)=(2) follows directly 
from [8, Corollary to Theorem 1]. Clearly (2) = (3) holds because HI(X, ~(D)) = 0 
if degD>2gx-2 .  We shall prove (3)=(1) as an application of Theorem 1. We 
assume that f is not tamely ramified. Then there exists an element a of G which is 
of order p and has at least one fixed point on X. We put Z=X/(t7), h :X - ,Z  and 
H= (a) = GaI(X/Z). Suppose we have a divisor Do satisfying the conditions of (3). 
We use the symbols r, Ni, ni, Vj, mj in Section 2 with respect to h "X~Z and 
D =f*(D0) above. Now from the condition (b) in (3), we see that H°(X, ~(D)) must 
be k[H]-projective. This means that we have ml +--- + mp_ 1 = 0 because the k[H]- 
modules V 1, ..., Vp_ 1 are not k[H]-projective (cf. [1, (5.24)]). We shall show that 
this contradicts Theorem 1. Here we note that each n; (i = 1,..., r) is divisible by p 
because D is of the form h*(D') for some divisor D' on Z. Accordingly Theorem 
1 gives 
r I1N i  (~Npi l l  m l = ~.~ -t- . 
i=1 
From the choice of o, we have r_ l .  Hence ml>0 holds and, a fortiori, 
m I + ... + mp_ l>,0. This contradicts the equality mentioned above. (In reality we 
have ml > 0 when p divides ni for some i.) Thus we have proved (3)= (1), com- 
pleting the proof of Theorem 2. 
Remark. Even if f is not tamely ramified (i.e. wildly ramified), there may exist a 
G-invariant divisor D on X for which degD>2gx-2  and H°(X,~(D)) is k[G]- 
projective. (By Theorem 3, D cannot be of the form f*(Do). ) Here we give an ex- 
ample: Let X be the complete non-singular model of the curve yP-y - -x  
(p=char k), and let a be an automorphism of X defined by a .x=x,  a .y=y+ 1 
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(trP=id). Then the covering f :X  ~ Y=X/(tr) is wildly ramified. We denote by Q 
the point on X defined by (x, y )= (oo, oo) (Q is the ramification point o f f ) ,  and con- 
sider a G-invariant divisor D=(p-1) .  Q (G=(tr)=Gal(X/Y)). Since gx=O, D 
satisfies degD>2gx-2. Further it is easily verified that H°(X,S(D))= 
(~)~= 1 k-y/ -1 .  Namely, H°(X, S(D)) is isomorphic to k[G] as a k[G]-module, and 
hence it is k[G]-projective. 
4. Lifting of an automorphism of order p 
Let X be a connected complete non-singular curve of genus gx over an algebrai- 
cally closed field k of characteristic p > 0, and let tr be its automorphism of order 
p. We consider whether the pair (X, tr) can be lifted to the Witt vector ring W(k), 
i.e., whether there exist a proper smooth curve .,Y over Spec W(k) and its automor- 
phism 6 which satisfy-~®wtk) =X and t~@W(k)k=tr. Concerning this problem, 
we can prove Theorem 3 below as an application of Theorem 1. (Theorem 3 was 
first proved by Oort and Sekiguchi ([9], [10]) under some additional conditions.) 
Theorem 3. We assume that p>_5 and gx>=2. Then the pair (X, tr) has no lifthTg to 
W(k) if tr fixes at least one point on X. 
Here we refer to other results about the lifting problem of the pair (X, tr): First 
it is known that (X, tr) lifts to W(k) if tr has no fixed points (see [3]), or if p=2 ([10, 
Proposition 5.3]). Whenp= 3, there exists an example of (X, tr) which lifts to W(k) 
([10, Example A.3]). Further, as is proved in [10], (X, tr) always lifts to a certain 
finite extension of W(k). 
Now, we shall prove Theorem 3. The strategy of the proof is the same as in [9, 
Lemma (2.2)]. We put R = W(k) and assume that there exists a lifting (X, 6) of 
(X, a) to R. Then, since gx>__ 2, the order of 6 must be equal to p (cf. [2, Theorem 
(1.11)]. Hence, by the reduction map 6--+ tr, the group <~) may be identified canoni- 
cally with <a), which we denote by G (G is cyclic of order p). Let g'2~lR [resp. t2Xl k] 
be the sheaf of differentials of )? over R [resp. of X over k]. Then for each integer 
1, H°(.~, (J2,g/R) ®t) is a free R-module, and we have the following isomorphism (cf. 
[4, Chapter III, Corollary 12.9]): 
H°O ?, (I2.¢/R)®#) ®e k = H°(X, (g2X/k)®t). (4.1) 
Since G =(6)=( t r )  acts naturally on (I2~¢/R) ®t and (g2x/k) ®#, H°(l~, (g2,C/R) ®t) and 
H°(X, (f2x/k) @l) are RIG]- and k[G]-modules respectively, and (4.1) is an isomor- 
phism of k[G]-modules. By the way, we know that every R-free R[G]-module, 
hence in particular H°O ?, (g2g/R)@#), is a direct sum of the following three RIG]- 
modules; R (trivial module), I=R[G]/R(1 + ~+ ... + tiP- 1), and RIG]. (This result 
is proved in [6, Section 2] when R = 7/p, the ring of p-adic integers. The method of 
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proof adopted there directly applies to our case R = W(k). What is essential is that 
R/pR is a field.) It is easily verified that the k[G]-modules R®R k, I® R k, and 
RIG] OR k are isomorphic to V 1 , Vp_ 1, and lip, respectively (for notation, see Sec- 
tion 2). Hence, by (4.1), H°(X,(Qx/k) ®l) must be a direct sum of V 1, Vp_l, and 
lip. So, to prove Theorem 3, it suffices to show that, for some l, H°(X, (f2x/k) ®1) 
contains one of V 2, ..., lip_ 2 as a direct summand. Now we put Y=X/(a)  and 
f :  X--' Y, and use the symbols of Section 2 with respect o this f .  Note that the 
assumption on tr means r_> 1. We fix a canonical divisor Kr of Y whose support 
contains none of f(Pi) (i= 1, ...,r), and put 
r 
Kx=f*(K~,)+ ~, (p -  1)(Ni+ 1). Pi. 
i=1 
Then Kx is a canonical divisor of X (see e.g. [5]), so that (f2x/k) ®1 and S(I. Kx) are 
isomorphic as G-sheaves. Hence we have H°(X,(f2x/k)®t)=H°(X,~(l. Kx)) as 
k[G]-modules. We put D = l. Kx and consider the decomposition (2.2). Our task is 
to show m2+-' .  +mp_2>0 for some l. Since gx>=2, we can apply Theorem 1 to 
D=I. Kx if l_>2. Namely, putting 
1 2)Ni) _ Ci=p(p-3)gi+ ( Hi-(p-p (Hip gi) 
(1 <_i<_r and ni=l(p - 1)(Ni+ 1)), we have, for l_>2, 
r 
m 2 +... + rap_ 2 = ~ ¢i" (4.2) 
i=1 
Since Ci>---O , we have m2+...+mp_2>__c I (recall r>__l). We shall prove that CI>0 
holds for some l_>2. First, assume Nl_>3. Then, noting 
(rlipgi) ppl 
0_  < and p>__5, 
we get for any 1=>2, 
c i>3(p -3)  p -1  2 (p -4)  
= - - -  >0. 
P P P 
Next, when N 1 =2, put l=p. Then we have 
(4)(?) 
Cl= + -- -----1. 
Finally, when N 1 = 1, put l=p-  1. Then we have 
Cl= P + -- =1.  
To sum up, we can find in all cases a value of I for which cl > 0 holds. Thus the 
proof of Theorem 3 is completed. 
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Finally we mention a corollary of Theorem 3. Let f :  X - ,  Y be as in Section 1. We 
say that the Galois covering f :  X~ Y lifts to W(k) when there exists a Galois cover. 
ing f:)(--* I7 of proper smooth curves over Spec W(k) for which f®w(k)k: 
3(®w(k) k~ lT®w(k) k coincides with f :  X--* Y. (In this case Gal(.~/I 7) = GaI(X/Y).) 
Then we have 
Corollary. Assume p = char k>__ 5 and gx>__ 2. Then a Galois covering f :  X~ Y does 
not lift to W(k) if f is wildly ramified. 
Proof. If f is wildly ramified, Gal(X/Y) contains an element r of order p which 
fixes at least one point on X. Then by Theorem 3, a does not lift to W(k). Therefore 
f, too, can not lift to W(k). 
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